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Abstract 

We introduce photon theory following the same principles as for intro- 
duction of the quantum theory of a single particle, using a C*-algebraic 
approach based on covariance systems. The basic symmetries are addi- 
tivity of the fields and additivity of test functions. We write down in 
explicit form a state of this covariance system. It turns out to reproduce 
the traditional Fock representation of the free photon field, with a Lorentz 
invariant vacuum. Properties of smeared-out photons are discussed. 



1 Introduction 
Motivation 

This paper is a first attempt to reformulate photon theory. It is motivated by 
dissatisfaction with expositions in present day textbooks. As Scharf]^ notes, 
the fact that there are various essentially different methods of quantizing the 
radiation field shows that there are some difficulties with the subject. Two 
problems must be recognized. 

A first problem arises because of the use of the vector potential Afj_ (q) , which 
is not uniquely determined by the electromagnetic fields. The resulting gauge 
freedoms can be tackled in many ways. Most often used is the Gupta-Bleuler 
gauge, which is rather complicated to say the least. Disadvantage of the radi- 
ation gauge is the lack of manifest Lorentz covariance. Our treatment of the 
gauge problem has been influenced by the work of Carey et al[Q, which uses 
the Lorenz gauge. We show that the photon states are invariant under the 
remaining gauge freedom. 
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The next problem is that of positivity of the scalar product, in combination 
with Lorentz invariance. Many textbooks abandon the use of Hilbert spaces 
for this reason. Here, we give arguments to restrict the set of classical wave 
functions. A side effect is that the scalar product (V'l^) of two classical wave 
functions <j) and ■0 satisfies the positivity requirement. In addition, we prove 
explicitly in Appendix D that the vacuum state does satisfy the positivity con- 
dition. As a consequence, the quantum probabilistic interpretation is saved in 
our approach. 



Analogy 

The simplest example of a classical field is the vibrating string. Its canonical 
variables are a displacement field rj[q) and a conjugated momentum field 7r(g). 
The correct description of the quantized string can be obtained by a limiting 
procedure starting from a chain of particles interconnected with strings. Al- 
ternatively, one can describe the quantized string as a covariance systemQ — 
see Appendix A — consisting of an abelian algebra A generated by smeared-out 
displacement fields, a group G, which is the group of adding fields, and the obvi- 
ous action of G on A. Such a description is very analogous to the description Q 
of standard quantum mechanics as a covariance system, in which case A is an 
algebra of functions of position, and G is the group of shifts in position. It is 
therefore natural to expect that also the quantized electromagnetic field can be 
described as a covariance system with additivity of fields as the basic symmetry 
group. The first problem that one encounters when trying such an approach is 
that the quantized smeared-out field operators ^^(■0) do not form an abelian 
algebra. Indeed, in textbooks |^ one finds the commutation relations 

A^{q),A,{q')\^-ig^,,Do{q^q') (1) 

with the Pauli- Jordan function Do{q) defined by 

Doiq) = J ^ dk exp ^ ^^k„9„^ |^ sin(go|k|) (2) 

(we have chosen the sign in (|l|) in such a way that later on creation and anni- 
hilation operators have their usual properties, i.e. the annihilation operator is 
complex linear in the field). Smearing out (|l|) with classical wave functions "0 
and <j> gives (see Appendix B) 

i(V),i(</')l = 2*Im / dk-^^;^(/.^(k). (3) 
J 7r3 2|k| 

There are two possible interpretations of these non-trivial commutation rela- 
tions. It is a tradition in the physics literature to interpret photons as exci- 
tations of a harmonic oscillator. In this traditional approach[|], the canoni- 
cal variables to be quantized are the vector fields A^(q) and their derivatives 
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6^Af^{q). These correspond with the displacement field r]{q) and conjugated mo- 
mentum field Trig) of the harmonic string. By integration, one then obtains (^. 
An alternative interpretation is suggested by recent research on noncommuta- 
tive spacetime. In the latter context, spacetime positions satisfy nontrivial 
commutation relations 



iet^u- (4) 



(see e.g. Doplicher et al[g, g| and Naudts and Kunag). The are the gen- 
erators of shifts in momentum space. The commutation relations (Q) canQ be 
seen as a originating from a projective representation of the group of shifts. By 
analogy, we can see the operators A{tp) as generators of the group of addition 
of classical wave functions. In fact, it is clearQ that the Weyl algebra of the 
free photon field, as used e.g. in Carey et alQ, can be replaced by a covariance 
system (C,_ff, I) consisting of the algebra C of complex numbers, the complex 
vector space of classical wave functions H, and the trivial action I of the latter 
on C. 



Duality 

Because the addition of fields is the basic symmetry, rather than addition of 
classical wave functions, it is obvious to consider also the generators F(a) of the 
group of adding fields 

a'(k) ^a'(k) + a(k). (5) 

Here, the fields are represented by Fourier coefficients (k) of the vector po- 
tential A^{q) (see next section). In this context a duality between classical wave 
functions and Fourier transformed vector potentials is of importance. It implies 
a duality between the operators A^ip) and F{a), similar to the duality between 
position and momentum operators in standard quantum mechanics. 

Technically speaking, there is no need to include this duality in the formal- 
ism. Indeed, we will find that, in the Fock representation, for each a there exists 
a tjj such that F(a) — A{tlj). However, this coincidence is a special property of 
the photon field and might be absent in more general field theories. For that 
reason we prefer to clarify the dual role of the operators A{4>) and F{a). 



Notations 

We use Greek letters is^v^a, - ■ ■ for indices that run from to 3, in combination 
with Einstein's summing convention, i.e., if such an index appears twice then 
a summation from to 3 is understood. These Greek indices are lowered and 
raised in the standard way, i.e., by definition is = g^'^x,^, with the metric 
tensor g equal to the diagonal matrix with eigenvalues -1-1,— 1,-1,— 1. The 
Greek index a will be used to label spatial components. Hence it runs from 
1 to 3 and no summation convention is used for it. Vectors in R'^ are written 
in boldface. Quite often, a four-vector q will be written as (qcq)- The scalar 
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3 Q 

product in is written as k-q = ^aQa- We use the abbreviation 9^ = -;- — . 

a—l ^ 

The (pseudo)-scalar product of two elements ip and of a (pseudo)-Hilbert 
space is denoted {(l>\il'), hnear in ip and anti-linear in 0. Throughout the paper, 
operators carry a hat. The conjugate of A is denoted A*. 



Structure of the paper 

The next section deals with classical electromagnetism. The vector potential 
Afj, {q) is represented by Fourier coefficients (k) . The classical wave functions 
'(/'^(k) are introduced and the duality between classical wave functions ipfj-O^) and 
Fourier coefficients a^^ (k) is established. Section § describes the free photon field 
as a covariance system. Correlation functions determining the vacuum state are 
given explicitly. The field operators A{ijj) and F{a) live in the corresponding 
G.N.S. -representation. Section ^ discusses the standard Fock representation 
of the free photon field. Section || starts from Poincare invariance to derive 
properties of the free photon. In the final section conclusions are drawn. 



2 Classical electromagnetism 

The whole section deals with the classical radiation field. The vector potential 
Afj,{q) is replaced by Fourier coefficients a^(k). The test functions ffi{q), used 
to smear out the vector potential Af^{q), are replaced by the classical wave 
functions ipf^Ck). Finally, a duality between a^(k) and fp/j-O^) is established. 



Smeared-out fields 

The classical electromagnetic field is described by the vector potential A{q). It 
has four components A^(q), ^ = 0, 1, 2, 3, each of which is a function of position 
q in R"*. We assume that the Lorenz gauge 

d^A^iq) - (6) 

is satisfied. Then the Maxwell equations for the free electromagnetic field can 
be written as a set of four equations 

d''d,A^{q)=0. (7) 

It is necessary to smear out A using test functions. Given real-valued test 
functions f^{q), let 

f{A)^ I Aqr{q)A,{q). (8) 
The functions f{A) will become observables of the free photon field. 
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The electric field E and the magnetic field B are related to the vector po- 
tential A by 

3 

B„(g) = ^cpjd^A^iq) (9) 

(ea/37 is the fundamental antisymmetric tensor). 

Note that the smeared-out electromagnetic fields can be obtained from the 
smeared-out vector potential. Indeed one has 

/ dg V/„(g)E„(g) = - / dq Uq)d^Ao{q) 

3 



Q=l 

3 



d9Ao((7)5]9"/49) 



3 



9iA) (10) 



with 



50(9) = E^"/"(9) and 5a(g) = -9°/o('Z), (H) 



and, similarly, 



/t 3 3 3 

/ dg V/„(<z)B„(g) = / dg V/a(g) V £„/379''A(g) 

3 

= - / dg V e„^^(a^/„(9))^^(q) 
JR4 „ « 1 



a,/3.7— 1 

/i{A) (12) 



with 



ho{q) = and hj{q) = ^ Sapjd'^ fa{q)- (13) 

a,/3=l 

Fourier coefficients 

Equation can be solved by Fourier transformation. Let 

A^{k) = (2^)-2 f dq exp (z^g.) A^{q). (14) 
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Then (|^) becomes k'^k,jA^{k) = 0. Hence A^{k) differs from zero only if k'^ky 



0. Therefore is of the form 



dfc exp i-ik^'q^) i^(fc)(5(fc'"fc^) 



(2^)-2 / dfc exp i~ik^q,) i4fc):r^ (<5(fc° - |k|) + Sik" + |k|)) 
X (e-'l''l'«i4|k|,k) + e^l''l*i^(-|k|,k) 



Here we use the notation |k| = ■\/X]a=i ^a- We obtain 



A.(.) = (2.)-/^/^^^dk^e-- 



-*?o|k| 



a^(k)+e^««Wa^(-k) 



(15) 



(16) 



with a^(k) — (27r)~^/^A^(|k|, k). Note that automaticaUy any vector potential 
of the form ( p^ satisfies the wave equations (^. Expression (||), in combination 
with (|l^), becomes 



with 



a'^(k)/^(|k|,k) + aM(k)^(|k|,k) 



dq exp{ik''qy)ff,{q)- 



(17) 



(18) 



Note that only the values of on the light cone {fc e R'* : fc'^fc^ ~ 0} are of 
importance. 

From the Lorenz condition M) follows 



|k|ao(k) = ^ kaaa{k). 



(19) 



This expression can be used to calculate ao(k) in function of aQ,(k). 



Classical wave functions 

The first gauge problem that arises is that two different sets of test functions 
ffj.{q) and g^(q) may define functions f{A) and g{A) which coincide on all vector 
potentials A that satisfy (||) and (^ . To avoid this non-uniqueness we make use 
of the so-called classical wave functions of the photon. Given test functions 
the classical wave functions "0^ are defined by 

V'^(k) = V2;^^(|k|,k) 
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(2^)-3/2 f dqexp(%|k|-iq.k)/^(q). 



(20) 



Note that these are complex functions over R^. Two sets of test functions 
and can give rise to the same classical wave functions Vv- In fact, this will 
be the case if and only if f{A) — g{A) for all A satisfying ^ and (0). Indeed, 
( p7| ) can be written as 



a''(k)V'^(k)+a'^(k)^^(k) 
where the bilinear form (-I-) is given by 

(a|V) 



= -2Re{a\tP) (21) 



(22) 



This shows that f{A) depends only on the classical wave functions ip and on 
the Fourier coefficients a. 



Duality 

The Lorenz gauge (^) does not suffice to fix uniquely the vector potential A 
corresponding with a given electromagnetic field. The gauge transformations 
Af^ A'^ with 

A'^^A^ + d,x (23) 

with xil) arbitrary solution of d^d^j^x — leave the electric and magnetic 
fields invariant. We use this gauge freedom to derive a condition on the classical 
wave functions. If two fields A and A' differ only by a gauge transformation as 
given by (23), then no classical wave function ip should be able to distinguish 
A from A' , i.e. Re {a\ip) = Re {a'\ip) should hold. The result of this condition, 
deduced below, is 



|k|Vo(k) 



E 



ka'(/'a(k). 



(24) 



This condition implies a duality between Fourier coefficients a(k) determin- 
ing the vector potential A and classical wave functions ■0(k) determining test 
functions /. Indeed, both are sets of four complex functions satisfying similar 
conditions (|l9| ) respectively (|^. 

Because x is a solution of d^d^^x = it can be written as (see (p^)) 



x{q) 



dk- 



o*qk 



R3 



2|k| 



□ -««o|k| 



c(k) +e*®l''lc(-k) 



(25) 



with c(k) an arbitrary complex function of k e R''. From ( p3| ) and (|T^ follows 
then that 



a^(k) = aQ(k) + ic(k)kQ, a = 1,2, 3. 



(26) 
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Using (^2|) and ( |19| ) one obtains 

(a|V) - dk^ |^^Vo(k)-^^Mk)^a(k)^ 

3 

= -j^^ dk^|]Mk)(V'o(k)k„-|k|Va(k)) (27) 

and a similar expression for (o'l?/;). Hence the condition Kc{a'\ip) = Re(a|'(/') 
yields 

3 

= Re / dk -i^ V ika^dkj (Vo(k)k„ - |k|V'„(k)) . (28) 

Because the latter should hold for all choices of c(k) one concludes that ( p4[ ) 
holds. 



Radiation gauge 

Note that the scalar product (01-0) is degenerate. Indeed, condition (p^), to be 
satisfied by classical wave functions, was derived precisely by requiring that, if 
a gauge transformation maps a onto b then (a|V') = {b\fp) holds for all ^p. By 
duality, we say that ^ and are equivalent if {a\4>) = (a|0) holds for all a. 
As noted by Carey et alQ, in each set of equivalent ip one can select a unique 
representative ip satisfying 

3 

V'o(k) =0 and ^ k„Va(k) = 0. (29) 

See Appendix C. These conditions are called the radiation gauge. However, 
by selecting such a representative one breaks the property of manifest Lorentz 
invariance. Therefore, we will use this gauge only to discuss the physical content 
of certain formulas. 



3 Quantum description 

This section gives a description of the electromagnetic field as a quantum sys- 
tem. We start from explicit correlation functions and use the generalized GNS- 
theorem to construct a representation in Hilbert space. 



Covariance approach 

In the previous section the smeared-out vector potential f{A) could be written 
as —2Re{a\'ip) (see (pl|)), where a(k) are Fourier coefficients representing the 
vector potential A^(q) and V'(k) is a classical wave function representing the test 
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functions ffj.{q)- In the quantum theory both a(k) and V'(k) become operators 
in Hilbert space. They will be denoted F{a) and A{ip), respectively. 

We want to derive the quantum description of the electromagnetic field in 
a way similar to the quantum description of a single particle. The quantity 
corresponding with a function f{q) of the position q of the particle is the function 
f{A) considered as a function of the vector potential yl^. Hence, in the obvious 
quantum description quantum mechanical wave functions would be complex 
square integrable functions of (replacing g-dependent functions) and the 
f{A) is mapped onto an operator f{A) (replacing /(g), with qip{q) = qip^q)). 
A more common notation, replacing f{A)^ is A(Tp)^ with ^ the classical wave 
function corresponding with /. As discussed in the introduction, the problem 
with this approach is that the operators A(Tp) are expected not to be mutually 
commuting, so that they cannot be simple multiplication operators, as in the 
case of quantum mechanics of a single particle. The solution adopted here is to 
see the operators A{'ip) as generators of the group of adding test functions. An 
additional advantage of this point of view is that it is then natural to consider 
also the group of adding fields. The generators of the latter group are the 
operators F{a). Another advantage is that the resulting formalism is very close 
to the C* -algebraic approach using Weyl algebras 



Correlation functions 

The classical wave functions ijj form a linear space, denoted H. The Fourier 
coefhcients a belong to the dual space H* . In what follows we will consider H* 
as a real linear space, and not a complex one, because only multiplication of a^^ 
with a real constant corresponds with multiplication of the vector potential 
with the same constant. As a consequence, also H will be considered as a real 
linear space. 

Consider H* x as an additive group. A state of the covariance system 
{C,H* X H,T) is determined by correlation functions !F{a,ip;b, cj)). We make 
the following choice: 

J^{a,il)]b, (j)) = exp ( Im (b + i7](l)\a + ir]^p) 

V 277 

X exp(^~^{b~a + i?]{(j)-ip)\b-a + iTj{(j)-^))^ (30) 

with r] a positive number. The proof that these correlation functions have the 
necessary properties to define a state of (C, H* x H, I) is given in Appendix D. 
The generalized GNS-theorem|^ implies that there exists a projective represen- 
tation W{a, tp) of H* X iJ in a Hilbert space H, and a normalized wave function 
r2 in 7i, for which 

T{a, V; b, 4>) = {W{b, (t>r^\W{a, ^Y^) (31) 

holds. 
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The cocycle 

From the ansatz 

W{a, ijWib, 0) = exp Q s(a, V; b, 0)^ W{a + 6, V + (32) 

follows, using that W{a,Tl>)* — W{—a, —ip), 

T[a,t,bA) = {n\W{b,4,)W{~a,-m) 

= exp(^-^s(6,0;a,^)^ {^\W{b - a,<l, - ^)^) 

= exp(^-^s(6,0;a,^)^^(a-6,V;-0;O,O). (33) 

Using the definition of J- one obtains 

s{a, -0; 6, 0) ~ rj^^ Im (a + iirj'4)\b + ijy^). (34) 

Tliis function s{a,'ijj;b, (jj) is a symplectic form, as it should be. It is anti- 
symmetric under exchange of (a,-!/)) and (6,0). It is real linear in its argu- 
ments. Note that it is degenerate because (-I-) is degenerate. The function 
exp ((i/2)s(a, V'; 6, 0)), appearing in (|3^), is a cocycle of the additive group 
H* X H. 



Field operators 

The operators A{tp) and F(a) are introduced as self-adjoint operators satisfying 

W{0,X^) = exp(zAi(0)) and ll^(Aa, 0) = exp (aF(a)) (35) 

for all real A. The commutation relations for these operators can be obtained 
from 

W{a, Tp)Wib, (f>) = exp {is{a, 0; 6, 0)) W{b, <l))W{a, i>) (36) 



by inserting real numbers, as in (pSf), and taking derivatives. One obtains 



F(a),F(6) 
F(a),i(0) 
i(0-),i(0) 



= — i?;^^ Im (a|6) 
= — iRe(a|0) 
= —irjlvci {'ip\<j)) . 



(37) 



Comparison with the traditional result (^ gives 77 = 2. 

The unitary operator W{a) implements adding (or subtracting) a field. In- 
deed, one calculates 



dA 



W{a,Q)W{Q,Xi^)W{-a,Q) 



A=0 
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dA 



exp (iAs(a,0;0») VF(0,AV') 



A=0 

= A{ij)+Re(a[ 
= A{^)-f{A) 



(38) 



with f^{q) the test functions corresponding with ip and ^^(9) the vector poten- 
tial corresponding with a. FormaUy, this can be rewritten as 



W{a, 0)A^{q)W{-a, 0) = A^{q) - A^{q). 



(39) 



Similarly, the unitary operator W{0, ^jj) implements adding wave functions. In- 
deed, one finds 



W{0,tl;)F{a)W{Q,-i;) ^ F{a) ~ Re {i(;\a) 

= F{a) + fiA). 



(40) 



Real additivity and identification 

Let us calculate 

{w{b,c^rn\A{x)w{a,i>rn) 
^ {wib,<j>rn\wio,Xxrw{a,^jrn) 

A=0 



dX 
d 

1 



exp (-(zA/2) Re (x| a + i-qij})) T(a, ip + Ax; b, 1 



A=0 



= + x) + {x\b + iri4>)] {W{b, 4>y^\ W{a, ^fV) 



and, similarly. 



{W(b,(j))*^l\F{d)W{a,'4>)*^l) 



(41) 



■ iri(j)) - (a -t- iryT/'l d)] {W{b, cf)yn\ W{a, (42) 



These expressions show that the operators A{x) and F{d) axe real linear 
functions. Moreover, comparison of the two expressions yields rjFiix) = ^(x) 
for all X- One concludes that in the Hilbert space representation determined 
by the correlation functions (^ ) the generators of adding fields, respectively of 
adding wave functions, coincide. 



4 Fock representation 

In this section the Hilbert space representation determined by the correlation 
functions (|3^) is identified with the Fock space in which photon states are created 
by repeated application of creation operators onto the vacuum state. 
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Creation and annihilation operators 

From (|l|) follows that 
Hence one has 

{w{b,<f>)*n\{A{ti;)-iA{iij))n) = o. 

Since b and (j) are arbitrary this implies that 

{A{^p) - iA{i-4!))n = 0. 

It is therefore obvious to define annihilation operators A_ (-0) by 
which means that also 



i_(0) = + 



(43) 



(44) 



(45) 



(46) 



(47) 



The latter expression resembles the definition Q+iP of the annihilation operator 
by means of a pair of position and momentum operators, in the context of the 
harmonic oscillator. Note that A-{ij}) is a complex linear function of ip. As 
shown above, the annihilation operators satisfy 



= 0. 

One verifies that these operators are commuting 



i_(V'),i-(0) 



= 0. 



(48) 



(49) 



The conjugate operator A+{ip) = A^{ip)* is the creation operator. From the 
definition follows immediately that 



(50) 



The commutation relations between creation and annihilation operators are 
found to be 



i+(^),i_(0) 



Aiip) + iA{itlj), i(0) - iA{iq 



(51) 



With rj = 2 this relation gives to the operator A+{ip)A^{ip) the usual interpre- 
tation of number operator. 
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One- phot on states 



A one-photon state is determined by an element of the Hilbert space of the 
form yl-|_(^)r2, where ^ is a classical wave function, not equivalent to zero. It is 
straightforward to verify that two equivalent classical wave functions ip and 
determine the same one-photon state. Indeed, by definition they satisfy (alip) = 
(a|0) for all a. From (||) then follows that A{'tp)n = i(0)rj so that A+{'tp)n = 
A^((j))n. Hence (j) and ip determine the same wave function in the Hilbert space, 
and hence, the same physical state. 
A short calculation gives 



{n\A^iij)A+i^j)n) 



1 

> 0. 



E V'a(k)(|kp5„^-k„k^)V^(k) 



a, 13=1 



(52) 



The last steps of this calculation use results of Appendix D. In particular, 
= holds if V^lk) is of the form 



V'a(k) = ^Vo(k), a = 1,2, 3. 



(53) 



The usual interpretation of this result is that there do not exist photon states 
for which the electric and magnetic fields are not perpendicular to the wave 
vector k. 



5 Poincare invar iance 

In this section we study the action of the proper Poincare group in Fock space. 
The generators of this group determine physical quantities like energy, momen- 
tum, mass, and spin of the photon. 



Shifts in spacetime 

A shift with vector x in spacetime maps the vector potentials A^ (q) onto vector 
potentials A^{q) given by 

A^^{q)=A,{q-x). (54) 
Using (|l^), one finds that the Fourier coefRcients transform into given by 
a^(k) = exp (i|k|a;o - ik • x) a^(k). (55) 
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The corresponding transformation of the classical wave functions V'mC*) 



^^(k) = exp {i\k\xo -ik-K) ^^(k). (56) 

With this choice of action the correlation functions J-{a,'ip]b,(j)) are invariant 
under shifts. This is what we want because the corresponding state of the system 
is the vacuum state. Note that the smeared-out fields f{A) are invariant under 
shifts. 

A unitary representation of the group of shifts R^, + is defined by 

U{x)W{a, = W{a'',i^'')n (57) 

(see Appendix E). The generators of this representation are denoted Kf^ and 
are defined by 

[/(a;) = exp(-ia;''K^). (58) 

By convention, the momentum operators equal hKfj,. The energy operator is 
cPq = cHKq. The vector 17 corresponds with the vacuum state and is invariant 
under shifts. In particular, iir^Jl = holds. Hence the energy and momentum 
of the vacuum are zero, contrary to what is claimed in textbooks, based on the 
harmonic oscillator picture of the photon. 



Energy and momentum of a one-photon state 

Let us calculate 



(w{b, (t>yn\KoW{a,'iijyn) 
^ {w{b,(f>)*n\u{x)w{a,iijyn) 

x=0 



^dxo 
. d 

dxo 



x=0 

d 

T{a,^\b, (t))i- — 
dxo 



, — Im (6 + 101 a"" + 



+ -5-(6 -a"" + iTj{(j) - -!/;"^)|6 - a"" + i'q{<j) - ip'-")) 
= ^.F(a,V;6,(/')(a + ^r?V'l|k|(6 + ^#)). (59) 
Similarly, one shows that, with a = 1,2,3, 

{W{h,4>)*^\k^WM)*^) = ;^.F(a,V;&,0)(a + i?7^|kc(6 + i7/0)). (60) 



Consider now a one-photon state. From (^9|) and ( |60| ) it follows that 

KqA^{7\})<^ = i+(|k|V>)f7 and /i:ai+(V')f7 = i+(ka?A)f7. (61) 
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To see this, use that 



{W{hAr\A+{m) = -(^|6 + zry,^)^(O,O;6,0). (62) 

Here we work with photon states smeared out with classical wave functions. 
It is tradition to associate the notion of photon with states that are not smeared 
out. These are ideahzed states which are not represented by wave functions in 
Hilbert space. In order to approach such a photon state we have to select 
classical wave functions that converge to a Dirac measure concentrated at a 
single wave vector k. The energy of such a photon is then equal to ?ic|k|, the 
momentum is equal to ?ik. In particular, this implies that the mass of such an 
idealized photon is exactly equal to zero. 

Lorentz transformations 

The discussion of Lorentz transformations is not very easy because both Fourier 
coefficients (k) and classical wave functions ■0^ (k) depend on a wave vector k 
in R^, instead of covariant vectors in R**, and do not obey easy transformation 
rules. However, both the vector potential A^{q) and the test functions f^{q) 
transform as vectors so that the smeared-out vector potential f{A) is invariant 
under Lorentz transformations. Since f{A) = — Re (a 1-0) holds, this shows that 
the pseudo-scalar product is invariant under Lorentz transformations. Hence 
the correlation functions ( ^0| ) are invariant under Lorentz transformations. 

Let A denote a proper Lorentz transformation. Under its action the vector 
potential Afj,{q) transforms into A'^{q) given by 



a'i(k) 
4(k) 
«3(k) 

with 

k' 



(63) 



Assume first that A is a spatial rotation described by the 3-by-3 matrix R. Then 
the Fourier coefficients a^Ck) transform into a'^(k) given by 

a;,(k)=AX(i?k). (64) 

Next consider a boost in direction 3. The non-zero matrix elements are Ago = 
A33 = cosh(x), Ao3 — A30 = sinh(x). An = A22 = 1. Then one obtains 

= cosh(x)ao(k') - sinh(x)a3(k') 

= ai(k') 

= 02 (k') 

= -sinh(x)ao(k')+cosh(x)a3(k') (65) 



= (ki,k2,cosh(x)k3-Ksinh(x)|k|). (66) 
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Together, the spatial rotations and the boosts in direction 3 generate the proper 
Lorentz group. Hence, the above formulas represent the action of the proper 



Lorcntz group on the Fourier cocfRcicnts a(k). The classical wave functions 
ip{\i) transform in a similar way. A unitary operator V^(A) is now defined by 

V{A)W{a,tl))n = W{a',il)')n. (67) 

These unitary operators form a representation of the proper Lorentz group. To 
show this one uses the same arguments as in case of the group of shifts. 



The generators of spatial rotations 

The six generators of the proper Lorentz group are denoted Mf^i, = —M^^. 
Three of them correspond with spatial rotations, the other three with boosts. 

Consider now a rotation by an angle x around the third coordinate axis. 
The Fourier coefficients transform like 



with 



a^,(k) = ao(k') 

a'i(k) = cos(x)ai(k') - sin(x)a2(k') 

a2(k) = sin(x)ai(k') +cos(x)a2(k') 

4(k) = a3(k') 



k' = (cos(x)ki + sin(x)k2, - sin(x)ki + cos(x)k2, ks). 



(68) 
(69) 



We calculate 



{w{b,(i>yn\Mi2W{a,i))*n) 

^ {W{b,(j))*Ci\V{A)W{a,ij)*n) 



dx 
.d_ 

dx 



x=o 

i _, , , 9 
2r? dx 



^'1 '^A x=o 

(^ilm {b + ir](j)\a' + irjip') + ^{b - a' +iri{(t> - 'il>')\b - a! + ir]{<j) - ip')}^ 



1 



T{a, b, (j>){a + ir?'^|(5i2 + ii2)(& + i'n4>)) 



(70) 



with S^i, the 4-by-4-matrix with i at position /x, v, —i at position u, jj., and zeroes 
everywhere else, and with 



(71) 
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The generators of boosts 



Now let A be a boost in direction 3, as given by (|65|). The corresponding 
generator A/qs is calculated as follows. 



{W{hA)*^\MQ^W{a,i:)*n) 

^ {w{b,(i>)*n\v[K)w{a,'>ijyn) 



.d_ 

dx 



with 



^ - z Im (6 + iri(t)\a' + irii>') - ^(6 - a' + 177(0 - V'OI^ - a' + 177(0 - -i/;'))^ 
-^.F(a, V; b, (j>){a + 177^1(^03 - ^03) (6 + i??^)). (72) 

io«=*|k|^. (73) 



Spin of the photon 

From expressions (|7^, ^) it is clear that there are two different types of contri- 
butions to the generators M^i, of the Lorentz group. These are called the spin 
part S, respectively the orbital part L. The spin contribution originates from 
the vector character of the electromagnetic vector potential (q) , the orbital 
part follows from the transformation of Minkowski space. The operators L23, 
L31 and 1/12 are the components of angular momentum, the operators S'23, S31 
and S12 are the components of the spin of the photon. Note that these notions 
are not covariant. Worse is that the splitting of M into S and L is not gauge 
invariant. This implies that the components of S and L are not physically ob- 
servable. Hence one could say that the mechanical spin of the photon is not 
observable. See Jauch and Rohrlich[|| for a discussion of these points. 

However, it is common to say that the photon is a spin-1 particle. In order 
to understand this statement let us assume that a one-photon state A^(Tp)Q is 
an eigenstate of the operator S12 

Si2A+{^)n = xA+{^j)n. (74) 

From 

{W{b, cj))*n\Si2W{a, = ^^{a, t/-; b, 4>){a + iii4>\Si2{b + 77;0)) (75) 

Z77 



follows 



{w{b,<pyn\Si2A+{'4^)n) = ]^{w{b,(j>)*n\n){x^\Si2{b + iv<jy))- (76) 
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In combination with the assumption that the one-photon state is an eigenstate 
of Si2 with eigenvalue A there follows 

x{wib,<f>rn\A+{,p)n) = ^{w{b,ci>yn\n){i^\Si2{b + iv<l>))- (77) 

On the other hand is 

{w{b,cj,yn\A+{ij)n) - ^{w{b,<j>rn\n){^p\b + iT^^). (78) 

Comparison of both expressions gives the condition 

5i2^(k) = AV'(k). (79) 

Now, the eigenvalues of the matrix 6*12 are +1,-1, and (two- fold degenerated). 
Hence, the space of classical wave functions H can be split into three real-linear 
subspaces H+, Hq, and with the properties that Si2'4' = if 4' is in -f^-i-, 
respectively in and S'i2'0 = if '0 is in Hq. As a consequence, also the one- 
photon subspace of Fock space can be written as a direct sum of three subspaces 
which consist of eigenvectors of 6*12 corresponding to the eigenvalues -1-1, 0, — 1. 
Spin-operators with a spectrum +1,0, —1 are associated with spin-1 particles. 

Polarization of the photon 

As stated earlier in section ^, each class of equivalent classical wave functions 
contains a representative ip satisfying ipQ = 0. None of these representatives 
belongs to Ho- Indeed, if S'i2V'(k) = holds for all k then ipi — = and 
|k|V'o(k) = k3^3(k). But because of -00 = also ^3 = follows. Hence, if a 
representative ip belongs to Hq then all of its components are zero. Classical 
wavefunctions in H± satisfy 

= (ki + ik2)V'i(k) = k3^3(k) and V^2(k) = TiM'^) (80) 

with "01 (k) and "02 (k) not identically zero. The only solutions of these conditions 
are idealized photons with wave vector parallel to the third direction and with 
'03 (k) = 0. This implies that the electric and magnetic fields lie in the plane 
orthogonal to the wave vector k. Two independent solutions are allowed. They 
correspond with the two independent polarizations of the electromagnetic field. 
A more detailed analysis can be found in Jauch and Rohrlich|Q. 

6 Conclusions 

We have shown in this paper that the standard theory of the free photon field 
can be derived within the covariance approach to quantum mechanics. Typical 
for this approach is that it starts from the action of a group in a C*-algebra 
and from correlation functions describing a state of the covariance system. In 
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the case of the free radiation field the C*- algebra is the algebra of complex 
numbers, the group is the group of adding fields times the group of adding test 
functions. The Lorenz gauge is used to eliminate part of the redundancy. The 
action is trivial. The correlation functions describe a Lorentz invariant vacuum 
state. The state vectors of the induced Fock representation are invariant under 
the remaining gauge freedoms. 

The present approach has several advantages. In the first place the formalism 
is mathematically rigorous. The development of photon theory is crystal clear 
and there is no need for hand waving arguments. Both the gauge problem 
and the problem of positivity of the scalar product are solved in a satisfactory 
manner. The approach is generic. It is obvious how to apply it to other fields 
than the electromagnetic one. 

We have stressed that there exists a duality between classical wave functions 
ijj and Fourier coefficients a. As a consequence of this duality there exist, be- 
sides the usual field operators also operators F[a), labeled with Fourier 
transformed vector potentials. However, in the representation of the electro- 
magnetic vacuum state the field operators F{a) and A[ip) coincide. Hence, this 
duality has no practical consequences for the description of the vacuum. We do 
not know if this degeneracy continues to exist in other representations of the 
electromagnetic radiation field. 

The formalism considers photons smeared out with classical wave functions. 
These differ from the idealized photons discussed in most text books. The reason 
for smearing-out is of course that the strictly localized objects A{q) cannot be 
defined as operators in Fock space, while the smeared-out equivalents A{tp) 
are nicely defined self-adjoint operators. Finally, the generators of the Lorentz 
group can be decomposed into a sum of an orbital part and a spin part. The 
space of classical wave functions can be split into three parts corresponding with 
spin 1,0, and -1 respectively. Because of gauge freedom only two independent 
polarizations of the idealized photons occur. 

Up to now, we did not consider electromagnetic fields in presence of external 
charges and currents. The first question that arises in this context is whether 
all states of the covariance system of the free radiation field (i.e. the one used 
in the present paper) describe radiation fields, or whether states can be found 
which describe fields produced by charges and currents. If the latter is not 
the case, then the covariance system has to be modified. Another topic for 
further investigation is the description of massive photons in terms of the present 
formalism (see e.g. section 6-5 of Jauch and RohrlichQ). Our ultimate goal is of 
course a combination of electron and photon fields within the same covariance 
approach. 
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Appendix A: Covariance systems 



A covariance system {A, X, <t) consists of a C*-algebra A, a locally compact 
group X, and an action a of this group as automorphisms of A. For each 
a € A the map x € X a^a should be continuous. In the present paper, 
the C*-algebra A is the algebra C of complex numbers. In this case the only 
possible action of X is the trivial one, leaving the complex numbers invariant. 
The resulting covariance system is denoted {C,X,T) and is rather trivial. Still, 
the notions of state and of representation of a covariance system apply, and are 
nontrivial. 

A state[0 of a covariance system {A, X, a) is determined by correlation func- 
tions J-(a,x,y) depending on a G -4 and x,y lE X. They satisfy conditions of 
positivity, normalization, covariance, and continuity. In the present context, 
where the C*-algebra is the algebra of complex numbers, the dependence on 
elements of A can be omitted, and the conditions reduce to 

• (positivity) For all n > and for all possible choices of Ai, . . . , A„ in C, 
of xi, . . . , a;„ in X, is 



• (normalization) J-{e,e) = 1 (e is the neutral element of X). 

• (covariance) !F{xz, yz) = ^{x^ y) for all x, y, z in X. 

• (continuity) the map x^y —> T{x, y) is continuous in a neighborhood of 
the neutral element of X . 

A representation of the covariance system (C, X, I) is nothing but a projec- 
tive representation U of the group X as unitary operators of a Hilbert space 
7i, with the property that the map x ^ U {x) is strongly continuous for x in 
a neighborhood of the neutral element oi X. In this context the generalized 
G.N.S. -theorem states that for each state of (C,X, I), described by the correla- 
tion functions J-'{x,y), there exists a representation U of (C,X, I) in a Hilbert 
space H and an element fl oi H with the property that 



n 




(81) 



T{x,y) = {U{yrn\U{xrn) 



(82) 



holds for all x and y 'm X. 



Appendix B: Smeared-out field operators 



Here we discuss the relation between expressions (|) and (|). The obvious 
relation between A(^) and A^{q) is 




(83) 
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where the test functions correspond with classical wavefunctions ip^ by (pO|). 
Similarly, let correspond with test functions g^. Then one obtains, using the 
commutation relations and definition (|^) of Do{q), 



dq 



dq' Fiqjg^^iq') A^{q),A,{q') 



dq / dq' riq)g^{q')Doiq-q') 
= ~«7T^ / / dq f''{q)g^{q) 

{^T^y jR'i jRi 

X / dkexp(ik-(q-q'))-pj-rsin((qo-9o)|k|) 

JR3 

X / d'7'5M(9')exp(-ik-q') 

■/R'l 

X (exp(i(go-go)|k|)-expH(go-go)|k|)). (84) 
Using the definition ( ^ ) of classical wave functions one obtains 

The latter implies (I 



dk , , 
R3 2|k| 



(V''^(k)0^(k)-V'''(k)0^(k)) . (85) 



Appendix C: Representative classical wave func- 
tions 

Here we show that each class of equivalent classical wave functions contains a 
representative satisfying the radiation gauge. Given the classical wave functions 
^/'^(k), let 



and 



0o(k) = 0, 0,(k) = ^„(k) ~ A(k)k,, a =1,2, 3. 

Then one calculates 

3 3 
^k„0„(k) = ^k„^„(k)-A(k)|k|2 =0. 



(86) 

(87) 
(88) 



Hence 0^t(k) are classical wave functions satisfying the radiation gauge. 

Consider now an arbitrary set of Fourier coefficients a,i(k) satisfying (pj|). 
Then one finds 



X,3 '^'^21^ ^^a„(k)<?!)c,(k) 
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Using {nM this becomes 



^3 ^^2|^ ^^aa(k)V'c(k) 
-L dk^A(k)gMk)k.. 

3 



(89) 



dkA(k)ao(k) 

3 



dk^|i|^ao(k) ^k„Va(k) 
- (a|^). (90) 
To obtain the latter, ( p^ has been used. This shows that (f) and ip are equivalent. 

Appendix D: Existence of the vacuum state 

The difficult point to verify is positivity of the state. Note that the symbols tpj 
and Qj below have each 4 components (V'jO/j respectively {aj)^,. One verifies, 
using the notation bj ~ aj + iipj , 
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1 



2^ 

xexp [-f^{{bj' -bj\bj, -bj) 

33' 

with 

=A,exp(-(l/4r,)(&,|6,)). (92) 

Positivity of (^) follows by means of Schur's lemma, provided we can show 
that the matrix with elements {bj\bji) is positive-definite. But the latter is clear 
because of the positivity of the scalar product, for which we now give a proof. 
Using the Lorenz condition [2^), one writes 
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> 0. (93) 
The latter follows because the matrix |kp(5Q,^^ — k^k^ is positive-definite. 

Appendix E: Unitary representation of the group 
of shifts 

We show here that a unitary representation of the group of shifts R'*,+ is 
determined by (^7|). 

Let us show that U{x) is well-defined. Assume that 

T^(a^, '4}'')VL = VK(6^, 0^)17. (94) 

By taking the inner product with W{c^x)*^ one obtains 

.F(a%V'";c,x)-^(6^r;c,x). (95) 

Note now that (a^jV'^) = (a|V-') so that 

^(a^ c, X) = Ha. i>\ x~")- (96) 

Hence ( |95| ) becomes 

.F(a, V^; c-\ x'l = .^(^ 0; c-^ x"")- (97) 

This implies 

{W{c--, X-n*^\iW{a, - W{b, = 0. (98) 

Since c and x are arbitrary, it follows that W{a, tpyil — W{b, ip)*il. This shows 
that U (x) is well-defined. 

It is now straightforward to show that U{x)U{y) = U{x + y) and that U{x) 
is isometric. Therefore, U{x) is a unitary representation of R**, -|-. 
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